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Vibrational modes in the dust-plasma crystal
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It is shown that vertical vibration of dust grains in a sheath region can lead to a specific low frequency mode
of a quasi-two-dimensional dust-plasma crystal. Linear dispersion characteristics of the mode are obtained.
@S1063-651X~97!51607-2#
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Since the possibility of formation of Coulomb quasila
tices@1# involving micrometer sized highly charged dust pa
ticulates has been demonstrated experimentally@2–6#, there
is growing world-wide theoretical and experimental effort
investigate these strongly coupled systems. The dust-cry
structure is observed in the sheath region where there is
ance between the gravitational and electrostatic forces,
in most of the experiments it consists of just a few layers
dust particles levitating above the horizontal negatively
ased electrode@4,6–11#.

Recently, it has been demonstrated@12# that lattice waves
can propagate in the one-dimensional chain of stron
coupled dust particles. However, the waves theoretic
studied in@12# included motion of dust particles only in th
horizontal direction. At the same time, motion of the du
grains in the vertical direction can provide a useful tool
determining the grain charge@6,8–10#.

In this Rapid Communication, we demonstrate that os
lations of dust grains in the vertical plane can lead to a lo
frequency mode. We note that excitation of this mode c
also be responsible for phase transitions in the system, w
are the subject of recent interest, see, e.g.,@7,8#. The mode is
characterized by an optic-mode-like inverse dispersion~i.e.,
its frequency decreases with the growing wave number! if
kr0!1, wherek is the wave number,r 0 is the interparticle
distance, and only nearest-neighbor interactions are ta
into account.

Consider vibrations of a one-dimensional horizontal ch
of particulates of equal massM separated by the distanc
r 0; see Fig. 1. We assume that the interaction potential
tween particles can be approximated by the Debye law

F5
Q

r
expS 2

r

lD
D , ~1!

wherelD is the screening length of the dust grain char
Q by plasma particles. In addition to the electrostatic Deb
shielded force, the gravitational forceMg and the sheath
electrostatic forceFe5QE(z) act on the dust grains in th
vertical directionz. The balance of forces in the linear a
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proximation with respect to small perturbationsdz of the
equilibrium atz50 gives the equation for vertical oscilla
tions

M
d2dzn

dt2
5
Q2

r 0
3
e2r0 /lD~11r 0 /lD!~2dzn2dzn212dzn11!

2Mg1Fe . ~2!

Here

Fe2Mg52gdzn , ~3!

whereg is a constant assuming linear variation of the she
electric field, anddzn is the vertical deviation of a particle
numbern from its equilibrium position. We note that al
though in general particles oscillate in the vertical as well
in horizontal direction, see Fig. 1, in the linear approxim
tion their transverse vibrations~which are the subject of this
paper! and longitudinal vibrations are not coupled. Substit
ing dzn5A exp(2 ivt1 iknro) into Eq.~2! gives the disper-
sion of the vertical oscillations

v25
g

M
2
4Q2

Mr 0
3
e2r0 /lD~11r 0 /lD!sin2

kr0
2
. ~4!

We see that fork50 the characteristic frequency is given b
v25g/M , decreasing with growing wave number whe
kr0!1.

,
FIG. 1. Oscillations of dust particles in a one-dimensional cha
R74 © 1997 The American Physical Society
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To estimate the effective width of the potential wellg, we
consider the standard model of the sheath@13#, which con-
siders Boltzmann distributed electrons. For simplicity,
ignore the influence the dust grains may cause on the
distribution in the sheath region. The ion continuity equat
gives the ion densityni in terms of the densityn0 in the
plasma bulk

ni~z!5n0F12
2ef~z!

miv0
2 G21/2

, ~5!

wherev0 is the speed of the ion flow towards the negative
charged electrode,mi is the ion mass, andf(z) is the sheath
potential. From Poisson’s equation, we then obtain

d2f~z!

dz2
54pen0FexpS ef~z!

Te
D2S 12

2ef~z!

miv0
2 D 21/2G .

~6!

This equation can be integrated once to give@applying the
boundary conditionsE(`)5f(`)50#

E2~z!58pn0TeH expS ef~z!

Te
D21

1
v0
2

vs
2F S 12

2ef~z!

Te

vs
2

v0
2D 1/221G J , ~7!

wherevs
25Te /mi is the squared sound speed.

Linearizing Eq. ~7! with respect to small potential an
field variations, we find

dE'
4pn0Te
E0

FexpS ef0

Te
D2S 12

2ef0

Te

vs
2

v0
2D 21/2Gedf

Te
,

~8!

where the electric field isE0 at z50, and for the dust grains
it is balanced by the gravity

uQE0u5Mg. ~9!

Now, we assume that the sheath electric field near the p
tion of the dust grains can be linearly approximated. Thus
find

dE'24pn0eFexpS ef0

Te
D2S 12

2ef0

Te

vs
2

v0
2D 21/2Gdz,

~10!
r-
ld
n
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e

and the effective width of the potential well is given by

g54peuQun0FexpS ef0

Te
D2S 12

2ef0

Te

vs
2

v0
2D 21/2G .

~11!

Equations~7! and ~9! for the sheath potentialf0 in the
equilibrium position can be solved numerically. Whe
ef0!Te , the characteristic frequency is approximate
given by

f 05
1

2p
Ag

M
'

1

2p
Ag~12vs

2/v0
2!

lD
.20Hz, ~12!

where we assumedlD'(Te/4pn0e
2)1/2;231022 cm and

v0
2/vs

2;1.5. Figure 2 presents numerical result for the f
quencyf 0 as a function of the dust chargeQ.

To conclude, we have demonstrated that the vertical
cillations of a one-dimensional chain of dust grains levitati
in the sheath field of a horizontal negatively biased electr
can give rise to a specific low-frequency mode that is ch
acterized by inverse optic-mode-like dispersion when
wavelengths far exceed the intergrain distance. Excitation
the mode may stimulate phase transitions in the system.
note that considering the one-dimensional chain we igno
the ion drag force, which is not important in this situatio
However, for several layers of dust grains in the vertic
direction, the ion drag force, which in a plasma with fini
flows necessarily includes collective effects@14–16#, must
be taken into account. This is a subject for further study.
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FIG. 2. Frequencyf 0 in Hz vs dust charge 1024uQ/eu.
.

@1# H. Ikezi, Phys. Fluids29, 1764~1986!.
@2# J. H. Chu and Lin I, Phys. Rev. Lett.72, 4009~1994!.
@3# J.H. Chu, J.B. Du, and Lin I, J. Phys. D27, 296 ~1994!.
@4# H. Thomas, G.E. Morfill, V. Demmel, J. Goree, B. Feue

bacher, and D. Mo¨hlmann, Phys. Rev. Lett.73, 652 ~1994!.
@5# Y. Hayashi and K. Tachibana, Jpn. J. Appl. Phys.33, L804

~1994!.
@6# A. Melzer, T. Trottenberg, and A. Piel, Phys. Lett. A191, 301
~1994!.

@7# H.M. Thomas and G.E. Morfill, Nature~London! 379, 806
~1996!.

@8# A. Melzer, A. Homann, and A. Piel, Phys. Rev. E53, 2757
~1996!.

@9# A. Melzer, V.A. Schweigert, I.V. Schweigert, A. Homann, S



A

RAPID COMMUNICATIONS

R76 56S. V. VLADIMIROV, P. V. SHEVCHENKO, AND N. F. CRAMER
Peters, and A. Piel, Phys. Rev. E54, R46 ~1996!.
@10# S. Peters, A. Homann, A. Melzer, and A. Piel, Phys. Lett.

223, 389 ~1996!.
@11# J.B. Pieper and J. Goree, Phys. Rev. Lett.77, 3137~1996!.
@12# F. Melandsø, Phys. Plasmas3, 3890~1996!.
@13# F.F. Chen, Introduction to Plasma Physics~Plenum, New
York, 1974!, Chap. 8.

@14# S.V. Vladimirov and M. Nambu, Phys. Rev. E52, 2172
~1995!.

@15# S.V. Vladimirov and O. Ishihara, Phys. Plasmas3, 444~1996!.
@16# O. Ishihara and S.V. Vladimirov, Phys. Plasmas4, 69 ~1997!.


